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Naihuan Jing and Chongbin Xu*
Abstract. A 2-toroidal Lie superalgebra is constructed using bosonic
fields and a ghost field. The superalgebra contains osp(1|2n)(1) as a dis-
tinguished subalgebra and behaves similarly to the toroidal Lie super-
algebra of type B(0, n). Furthermore this algebra is a central extension
of the algebra osp(1|2n) ⊗ C[s, s−1, t, t−1].
1. Introduction
Realization of Lie (super)algebras via bosonic or fermionic fields has been
a successful approach in solving various problems in mathematical physics.
From mathematical perspectives, representing an algebra in terms of known
classical algebraic structures (Weyl or Clifford algebras) amounts to con-
structing a homomorphism from the initial algebra to the target algebra.
In this way properties of the initial algebra can be studied by techniques
of linear algebra. On one hand representations of the target algebra give
rise to representations of the initial algebra which then enable one to gain
information about eigenvalues of the operators or the expectation values of
various physical quantities. On the other hand physical intuition usually
suggests how this homomorphism can be established, and this may happen
in several different contexts or via different realizations. Mathematically it
may be proved that all these realizations are actually representing the same
algebra.
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Lie (super)algebras play an important role in both mathematics and
physics. The realization problem, in particular for infinite dimensional cases,
is one of the first questions to be studied. It was well-known in physics litera-
ture that finite-dimensional simple Lie (super)algebras of classical types can
be realized by ferminoic or bosonic operators, i.e. within Clifford or Weyl al-
gebras. However, the problem for affine Lie (super)algebras is more involved
and requires sophisticated generalization. By 1980’s the problem of realizing
affine Lie (super)algebras had been solved partly by several groups [F, KP].
In the famous work [FF], A. Feingold and I. Frenkel realized classical affine
Lie algebras using ferminoic fields and bosonic fields respectively. Since
then, their method has been generalized to other algebras such as extended
affine Lie algebras, affine Lie superalgebras, Tits-Kantor-Ko¨cher algebras,
toroidal Lie algebras, Lie algebras with central extentions, two-parameter
quantum affine algebras etc. (see [G, KW, T, JMT, L, JZ]).
More recently, in [JM, JMX] 2-toroidal Lie algebras of classical types
were realized uniformly using bosonic fields or ferminoic fields with help of a
ghost field based on the Moody-Rao-Yokonuma presentation of toroidal Lie
algebras [MRY]. The method used in these two papers not only generalizes
Feingold-Frenkel construction to toroidal algebras but also fills up missing
bosonic/fermionic realizations for orthogonal/symplectic types.
One can ask a similar question on how to realize 2-toroidal Lie superal-
gebra of classical types. In this paper, we first define a central extension of
the superalgebra g⊗C[s, s−1, t, t−1] which we will call the loop-like toroidal
Lie superalgebra of type B(0, n) in light of MRY presentation, and then
construct its representation using mixed bosons and fermions as well as a
ghost field. Since the kernel of the homomorphism is contained in fields
corresponding to imaginary roots, our representation can be lifted to that of
the universal central extension of the 2-toroidal Lie superalgebra. It would
be interesting to show that the loop-like toroidal superalgebra is indeed the
universal central extension of the superalgebra g⊗C[s, s−1, t, t−1]. Our result
may be viewed as a testing example for this and we hope further computa-
tions can be made to reveal the structure of the kernel of the map from the
loop-like toroidal superalgebra to the universal central extension.
2. Toroidal Lie superalgebra of type B(0, n)
A Lie superalgebra g = g0 ⊕ g1 is a Z2-graded vector space equipped
with a bilinear map [·, ·] : g× g→ g such that
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1) [gα, gβ] ⊆ gα+β ,
2) [a, b] = −(−1)deg(a)deg(b)[b, a],
3) [a, [b, c]] = [[a, b], c]] + (−1)deg(a)deg(b)[b, [a, c]],
where α, β ∈ Z2 and a, b, c are homogenous elements.
According to Kac [K1] simple Lie superalgebras are classified into two
families–the classical types and the Cartan types. Among the classical su-
peralgebras, one usually separates the strange series P (n) and Q(n) from
the list of basic superalgebras: the series A(m,n), B(m,n), C(n + 1), and
D(m,n) and the exceptional types F (4), G(3) and D(2, 1;α). The oth-
orsymplectic series B(m,n) can be further divided into two classes: m > 0
and m = 0. In this paper we consider the simplest case B(0, n).
Let R = C[s±1, t±1] be the ring of Laurant polynomials in s, t. Let ΩR
be the R-module of differentials spanned by da, a ∈ R, and dΩR is the space
of exact forms. Then ΩR/dΩR has a basis consisting of sp−1tqds, spt−1dt,
s−1ds. Let g be a simple Lie superalgebra, the toroidal Lie superalgebra
T (g) is the central extension of the loop superalgebra g⊗R:
T (g) = g⊗R⊕ ΩR/dΩR
under the Lie (super)bracket: (x, y ∈ g, a, b ∈ R)
[x⊗ a, y ⊗ b] = [x, y]⊗ ab+ (x|y)(da)b.
with parities defined by
deg(x⊗ a) = deg(x), deg(ΩR/dΩR) = 0
In practice, one can define a Lie superalgebra by generators and relations
with appropriate parities for generators. In what follows, we will define the
so-called toroidal Lie superalgebra of type B(0, n) this way.
For n ≥ 1, let A = (aij) be the extended distinguished Cartan matrix of
the affine Lie superalgebra B(0, n)(1), i.e.
A =


2 −1 0 · · · 0 0 0
−2 2 −1 · · · 0 0 0
0 −1 2 · · · 0 0 0
· · · · · · · · ·
0 0 0 · · · 2 −1 0
0 0 0 · · · −1 2 −1
0 0 0 · · · 0 −2 2


,
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and let Q = Zα0 ⊕ Zα1 ⊕ · · · ⊕ Zαn be the root lattice, where α0, · · · , αn−1
are even roots and αn is odd. The standard invariant form is given by
(αi, αj) = diaij ,
where (d0, d1, · · · , dn−1, dn) = (2, 1, · · · , 1, 1/2), thus 2(αi, αj)/(αi, αi) =
aij. Let δ = α0 + 2
∑n
i=1 αi.
Definition 2.1. The (loop-like) toroidal Lie superalgebra T of type
B(0, n) is the Lie superalgebra generated by
{K, αi(k), x±i (k)| 0 ≤ i ≤ n, k ∈ Z}
with parities given as :
deg(K) = deg(αi(k)) = 0, 0 ≤ i ≤ n, k ∈ Z;
deg(x±i (k)) =
{
0 if 0 ≤ i ≤ n− 1, k ∈ Z;
1 if i = n, k ∈ Z.
and defining relations:
1) [K, αi(k)] = [K, x±i (k)] = 0;
2) [αi(k), αj(l)] = k(αi|αj)δm,−nK;
3) [αi(k), x
±
j (l)] = ±(αi|αj)x±j (k + l);
4) [x+i (k), x
−
j (l)] = −δij
2
(αi|αj){αi(k + l) + kδk,−lK};
5) [x+i (k), x
+
j (l)] = [x
−
i (k), x
−
j (l)] = 0;
(adx+i (0))
1−aijx+j (k)) = 0, if i 6= j;
(adx−i (0))
1−aijx−j (k)) = 0, if i 6= j,
where the super-bracket is adopted: [X,Y ] = XY − (−1)deg(X)deg(Y )Y X.
The algebra T is a Q × Z-graded Lie superalgebra under the grading:
degK = (0, 0), degαi(k) = (0, k), deg x±i (k) = (±αi, k). We denote the sub-
space of degree (α, k) by Tαk :
(2.1) T = ⊕(α,k)∈Q×ZTαk .
We remark that the center of this algebra is contained in the subalgebra
generated by Tnδk , k, n ∈ Z.
Let ei, fi, hi (i = 1, 2 · · · , n) be the Chevalley generators of Lie super-
algebra G of type B(0, n) corresponding to the distinguished simple root
system Π = {α1, · · · , αn} and θ be the longest root relative to Π. We also
choose e0 ∈ Gθ, f0 ∈ G−θ and h0 as in the affine Lie algebra, then we have
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Proposition 2.2. The following map defines a surjective homomor-
phism from loop-like toroidal superalgebra T to the algebra T (B(0, n)):
K 7→ s−1ds
αi(k) 7→ di(hi ⊗ sk + δi0skt−1dt), i = 0, · · · , n
x+i (k) 7→ ei ⊗ sk, i = 1, · · · , n
x−i (k) 7→ −fi ⊗ sk, i = 1, · · · , n
x+0 (k) 7→ e0 ⊗ skt−1,
x−0 (k) 7→ −f0 ⊗ skt
Proof. It is straightforward to check that the elements on the right
satisfy the relations in Definition 2.1. For example,
[hi ⊗ sk, hj ⊗ sl] = [hi, hj ]⊗ sk+l + (hi, hj)skd(sl)
= d−1i d
−1
j k(αi, αj)δk,−ls
−1ds.

In fact the loop-like toroidal Lie superalgebra is a central extension of
the algebra g ⊗ C[t, t−1, s, s−1], as the kernel is contained in the subspace
⊕n,kTnδk , which is clearly central by the commutation relations. General
theory of central extension of Lie superalgebra has been studied as the usual
Lie algebras [IK]. It would be interesting to show that the algebra T is
indeed the universal central extension.
For convenience we will present the structure of T in terms of generating
series. To this end, we define the generating series with coefficients from T:
αi(z) =
∑
k∈Z
αi(k)z
−k−1, x±i (z) =
∑
k∈Z
x±i (k)z
−k−1.
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Proposition 2.3. The relations of T can be written as follows.
1′) [K, αi(z)] = [K, x±i (z)] = 0;
2′) [αi(z), αj(w)] = (αi|αj)∂wδ(z − w)K;
3′) [αi(z), x
±
j (w)] = ±(αi|αj)x±j (w)δ(z − w);
4′) [x+i (z), x
−
j (w)] = −δij
2
(αi|αj){(αi(w)δ(z − w) + ∂wδ(z − w)K};
5′) [x+i (z), x
+
i (w)] = [x
−
i (z), x
−
i (w)] = 0;( 1−aij∏
k=1
adx+i (zk)
)
x+j (w) = 0, if i 6= j;
( 1−aij∏
k=1
adx−i (zk)
)
x−j (w) = 0, if i 6= j.
Proof. The proposition follows from definition 2.1 and the two useful
expansions of formal delta function δ(z − w) =∑k∈Zwkz−k−1 (cf. [K2]):
δ(z − w) = iz,w 1
z − w + iw,z
1
z − w,
∂wδ(z − w) = iz,w 1
(z − w)2 − iw,z
1
(z − w)2 ,
where the symbol iz,w means expansion in the domain |z| > |w|. For sim-
plicity iz,w is omitted when there is no confusion in expansion direction. 
3. Representation of T
In this section, we realize the loop-like toroidal Lie superalgebra defined
in section 2 using bosonic fields and a ghost field.
Let {εi|0 ≤ i ≤ n+1} be an orthonormal basis of the vector space Cn+2
with inner product (εi, εj) = δij . Then the distinguished simple and positive
roots of simple Lie superalgebra of type B(0, n) can be realized as follows:
Π : α1 = ε1 − ε2, · · · , αn−1 = εn−1 − εn, αn = εn
∆+ =
{
2εi, εi ± εj , εi|1 ≤ i ≤ n, 1 ≤ i < j ≤ n
}
and the longest root is
θ = 2α1 + · · ·+ 2αn = 2ε1
Introduce c = ε0 +
√−1εn+1 and define
α0 = c− θ and β = ε1 − 1
2
c
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then
P = Zc⊕ Zε1 ⊕ · · · ⊕ Zεn
is the weight lattice of B(0, n)(1). Note that (β|β) = 1, (β|εi) = δ1i, α0 =
−2β.
Let PC = P⊗Z C be the vector space spanned by c, εi, 1 ≤ i ≤ n over C
and define C = C0⊕C1,where C0 = PC, C1 = P∗C are both maximal isotrophic
subspaces under the antisymmetric bilinear form on C given by
〈b∗, a〉 = −〈a, b∗〉 = (a, b), 〈a, b〉 = 〈a∗, b∗〉 = 0, a, b ∈ C0
Let Λ(∞) be the associative algebra generated by{
u(k), e(k)|u ∈ C, k ∈ Z}
with the defining relations:
u(k)v(l) − v(l)u(k) = 〈u, v〉δk,−l,
and
u(k)e(l) − e(l)u(k) = 0, e(k)e(l) + e(l)e(k) = δk,−l,
where u, v ∈ C, k, l ∈ Z.
We define the normal ordering of a quadratic expression to be
: u(k)v(l) :=


u(k)v(l), k < 0
1
2(u(0)v(l) + v(l)u(0)), k = 0
v(l)u(k), k > 0
: e(k)e(l) :=


e(k)e(l), k < 0
1
2(e(0)e(l) − e(l)e(0)), k = 0
−e(l)e(k), k > 0
and
: u(k)e(l) :=: e(l)u(k) := u(k)e(l), k, l ∈ Z.
Introduce the Λ(∞)-module
V = Λ(∞)
/[ ∑
k∈Z+
(
Λ(∞)u(k) + Λ(∞)e(k)
)]
,
which is isomorphic to the associative algebra Λ−(∞) generated by u(k), e(k), u ∈
C, k ∈ Z− as vector spaces. Denote the image of x by x|0〉, then we have
V = Λ−(∞)|0〉.
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It is clear that the following power series
u(z) =
∑
k∈Z
u(k)z−k−1/2, e(z) =
∑
k∈Z
e(k)z−k−1/2
are bosonic and ferminoic fields, respectively.
For any two bosonic(ferminoic) fields, we let
: x(z)y(w) :=
∑
k,l∈Z
: x(k)y(l) : z−k−1/2w−l−1/2.
Then it follows that
: u(z)v(w) :=: v(w)u(z) : and : e(z)e(w) := − : e(w)e(z) :
and
: u(z)e(w) := u(z)e(w) =: e(w)u(z) :
Based on the normal ordering of two fields, one can define the normal prod-
uct of n fields inductively.
We further define the contraction of two fields by
x(z)y(w)︸ ︷︷ ︸ = x(z)y(w)− : x(z)y(w) :
Since the element c is central, we have that for any u ∈ C
(3.1) [c(z), u(w)] = 0.
Definition 3.1. Let x1, · · · , xn be generators in an algebra of operators
having bosonic relations and a notions of normal ordering. Define
: x1 · · · xi · · · xj︸ ︷︷ ︸ · · · xn := xixj︸︷︷︸(: x1 · · · xi−1xi+1 · · · xj−1xj+1 · · · xn :)
Remark: In what follows, we understand that 〈e, e〉 = 1, 〈e, C〉 = 0, so
the above definition is also well defined when one or two of xi’s is e.
The following Wick’s theorem is well-known.
Theorem 3.2. ([FF, K2]) For elements xi, yj , 1 ≤ i ≤ r, 1 ≤ j ≤ t, we
have
: x1 · · · xr :: y1 · · · ys :=: x1 · · · xry1 · · · ys : +
∑
± : x1 · · · xry1 · · ·︸ ︷︷ ︸ys :
where the summation is taken over all possible combinations of contraction
of some x’s and some y’s, and the sign is the sign of permutation of fermionic
operators.
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Corollary 3.3. In an algebra with both fermionic and bosonic gener-
ators, we have for any permutation
: x1 · · · xr := (−1)N : xσ(1) · · · xσ(r) :
where N is the number of fermionic-fermionic transposition in a decompo-
sition of σ.
The following statement is proved by the standard technique of OPE
(cf. [JMX]). The only difference occurs when one or two factors are odd
operators, but this is taken care of by super-brackets from the construction
of the field operators.
Corollary 3.4. For r1, s1 ∈ C, r2, s2 ∈ C ∪ {e} and |z| > |w|,we have(
: r1(z)s1(z) :
)(
: r2(w)s2(w) :
)
= : r1(z)s1(z)r2(w)s2(w) : +
(
〈r1, r2〉 : s1(z)s2(w) : +〈r1, s2〉
· : s1(z)r2(w) : +〈s1, r2〉 : r1(z)s2(w) : +〈s1, s2〉 : r1(z)r2(w) :
)
· 1
z − w +
(
〈r1, r2〉〈s1, s2〉+ 〈r1, s2〉〈s1, r2〉
)
· 1
(z − w)2
The following result is an immediate consequence.
Proposition 3.5. The bosonic fields satisfy the following (super)commutation
relations:
[a(z), b(w)] = [a∗(z), b∗(w)] = 0
[a(z), b∗(w)] = 〈a, b〉δ(z − w)
and the commutators among normal ordering products are given by
[: a1(z)a
∗
2(z) :, : b1(w)b
∗
2(w) :] = −(a1, b2) : a∗2(z)b1(z) : δ(z − w)
+(a2, b1) : a1(z)b
∗
2(z) : δ(z − w)− (a1, b2)(a2, b1)∂wδ(z − w),
where a, b, ai, bi ∈ PC, i = 1, 2.
The anti-symmetric inner product of the underlying Lie superalgebra
can be extended to an inner product for the span of quadratic products:
〈: r1r2 :, : s1s2 :〉 = −〈r1, s1〉〈r2, s2〉+ 〈r1, s2〉〈r2, s1〉.
Now we can state and prove the main theorem.
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Theorem 3.6. The following correspondence
x+i (z) =


1
2 : β
∗(z)β∗(z) : i = 0
: εi(z)ε
∗
i+1(z) : 1 6 i 6 n− 1.√
2 : εn(z)e(z) : i = n
x−i (z) =


1
2 : β(z)β(z) : i = 0
− : εi+1(z)ε∗i (z) : 1 6 i 6 n− 1.
−√2 : ε∗n(z)e(z) : i = n
αi(z) =


−2 : β∗(z)β(z) : i = 0
: εi(z)ε
∗
i (z) : − : εi+1(z)ε∗i+1(z) : 1 6 i 6 n− 1.
: εn(z)ε
∗
n(z) : i = n
gives rise to a realization of toroidal Lie superalgebra T of level −1. More-
over, the correspondence also gives a representation of 2-toroidal superalge-
bra T (B(0, n)) through the map in Prop. (2.2).
Proof. First of all, we have for i 6= j
[: εi(z)ε
∗
j (z) :, : εj(w)ε
∗
i (w) :]
=
(
: εi(z)ε
∗
i (z) : − : εj(z)ε∗j (z) :
)
δ(z −w) − ∂wδ(z − w),
[: ε∗i (z)ε
∗
j (z) :, : εi(w)εj(w) :]
=
(
: ε∗j (z)εj(z) : + : ε
∗
i (z)ε
∗
i (z) :
)
δ(z − w) + ∂wδ(z − w),
which imply that all commutation relations for X(αi, z), i = 1, · · · , n−1 are
the same as those of the affine Lie algebra of type An−1 (cf. [JMX]). The
new commutation relations for the Heisenberg algebra are
[αn−1(z), αn(w)] = −[: εn(z)ε∗n(z) :, : εn(w)ε∗n(w) :]
= ∂wδ(z − w) = (αn−1, αn)∂wδ(z − w) · (−1),
[αn(z), αn(w)] = [: εn(z)ε
∗
n(z) :, : εn(w)ε
∗
n(z) :]
= (αn, αn)∂wδ(z − w) · (−1).
Using Eq. (3.1) we have that
[: ε1(z)ε
∗
1(z) :, : β(w)β
∗(w) :]
=[: ε1(z)ε
∗
1(z) :, : ǫ1(w)ǫ1(w) :]
=− ∂wδ(z − w).
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It follows that
[α0(z), α0(w)] = 4[: β(z)β
∗(z) :, : β(w)β∗(w) :]
= −4∂wδ(z − w) = (α0, α0)∂wδ(z − w) · (−1).
[α0(z), α1(w)] = −2[: β(z)β∗(z) :, : ε1(z)ε∗1(z) :]
= (α0, α1)∂wδ(z − w) · (−1).
Now we check the commutation relations involving root vectors.
[αn−1(z), x
+
n (w)] = −
√
2[: εn(z)ε
∗
n(z) :, : εn(w)e(w)]
= −
√
2 : εn(w)e(w) : δ(z − w)
= (αn−1, αn)x
+
n (w)δ(z − w).
[αn−1(z), x
−
n (w)] = −
√
2[: εn(z)ε
∗
n(z) :, : ε
∗
n(w)e(w)]
=
√
2 : ε∗n(z)e(w) : δ(z −w)
= −(αn−1, αn)x−n (w)δ(z − w).
Similarly, we have
[αn(z), x
±
n (w)] = ±(αn, αn)x±n (w)δ(z − w).
[x+n (z), x
−
n (w)]+ = −2[: εn(z)e(z) :, : ε∗n(w)e(w) :]+
= −2{ : εn(w)ε∗n(w) : δ(z − w)− ∂wδ(z − w)}
=
−2
(αn, αn)
{
αn(z) + ∂wδ(z − w) · (−1)
}
,
where we have used the facts that
: εn(z)e(z)εn(w)e(w) := − : εn(w)e(w)εn(z)e(z) :
and : e(w)e(w) := 0.
[x+0 (z), x
−
0 (w)] =
1
4
[: β∗(z)β∗(z) :, : β(w)β(w) :]
=
1
4
{4 : β(z)β∗(w) : δ(z − w) + 2∂wδ(z − w)}
=
−2
(α0, α0)
{
α0(z)δ(z − w) + ∂wδ(z − w) · (−1)
}
,
[α0(z), x
+
0 (w)] = −[: β(z)β∗(z) :, : β∗(w)β∗(w) :]
= 2 : β(z)β∗(w) : δ(z − w) = (α0, α0)x+0 (w)δ(z − w)
similarly, [α0(z), x
−
0 (w)] = −(α0, α0)x−0 (w)δ(z − w).
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Next we proceed to check Serre relations. In fact, we have that
[x±i (z), x
±
n (w)] = 0, 0 6 i 6 n− 2,
and
[x+n−1(z2), [x
+
n−1(z1), x
+
n (w)]]
=
√
2[x+n−1(z2), [: εn−1(z1)ε
∗
n(z1) :, : εn(w)e(w) :]]
=
√
2[: εn−1(z2)ε
∗
n(z2) :, : εn−1(w)e(w) :]δ(z1/w)
= 0,
[x+n (z3), [x
+
n (z2), [x
+
n (z1), x
+
n−1(w)]]]
=
√
2[x+n (z3), [x
+
n (z2), [: εn(z1)e(z1) :, : εn−1(w)ε
∗
n(w) :]]]
= −2[x+n (z3), [: εn(z2)e(z2) :, : εn−1(w)e(w) :]]δ(z1/w)
= −2
√
2[: εn(z3)e(z3) :, : εn(w)εn−1(w) :]δ(z1/w)δ(z2/w)
= 0.
Similarly [x−n−1(z2), [x
−
n−1(z1), x
−
n (w)]] = 0,
[x−n (z3), [x
−
n (z2), [x
−
n (z1), x
−
n−1(w)]]] = 0.
Finally this realization indeed gives a representation of the toroidal Lie su-
peralgebra. In fact the imaginary field δ(z) clearly commute with all op-
erators x±i (z), and the kernel of the map in Prop. (2.2) is contained in
the subalgebra generated by Tnδk , our representation can be lifted to the
superalgebr T (B(0, n)). This completes the proof. 
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